NATIONAL UNIVERSITY OF SINGAPORE
Department of Electrical and Computer Engineering
EE2003 Engineering Mathematics 2B
SampleMid Term Test Questions and Solutions

1. Thepdf of arv T, defined as T = duration of a phone call made by one person, is
modeled as exponential pdf. Therefore,

f(t) = aexp[—at], t > 0.

A phone was used by 10 personsin arow. Let X be arv denoting the duration of
the total use of the phone. Find the pdf of X.

Note: Exponentia pdf is used extensively to model the duration of phone callsin
the telephone network.

(30 Marks)
Solution:
Let X; be therv denoting thei-th user. Itisclear that X =X; + ... + X30. Sincethe

rvs Xy, ..., Xip are Sl, the pdf of X isthe convolution of the individual pdfs. Using
the Laplace transform,

F(s) = Fa(s) . F2(9) ... F1o(9),

where F(s) is the Laplace transform of f(x), the pdf of X, and Fi(s) is the Laplace
transform of fi(x), the pdf of X;.

F(s) =a/ (s+a)™°
Taking inverse Laplace transform,

f(x) =a™ . {x°/ 9} . exp[-ax], x> 0.



2. Wearemodeling arrivals (all arrivalsare SI) inaninterval (t,t + dt] asarv X
having pdf P(X=0) =1 - a [dt, P(X = 1) = a [ti.

(a) Writethe pdf of therv Y =#arrivasin (t,t + T], T= N [tit.

(b) Find E(Y) and V(Y).

(c) Can we approximate the pdf of Y by a Gaussian pdf? Justify. If
yes, find the parameters of this Gaussian pdf.

(d) Isthis pdf same as the Poisson pdf? Justify. State the conditions
and the parameters of the pdf involved.

(e) Using (d), Write an expression for

P(number of arrivalsin(t, t + T) isat most 30 | number of arrivals
in(t,t+T)isat least 10).
(40 Marks)
Solution:
(@) Y has binomia pdf with parameters N, and p = a [uit.
(b) EY)=N.p=N.altt, V(Y)=N.p(1-p)=N. (aldt). (1 - aldlt).
(c) Yes, we can if N is large. In this case, Y becomes Gaussian with mean and
variance as givenin (b).
(d) Yes, itis. Aslong asal arrivalsare Sl and E(Y) =N . a [0t =a [T, that is, N [t
=T, afinitevalue. P(Y =K) = e ®(aT)/ k!.
(e) P(number of arrivalsin(t, t + T) isat most 30 | number of arrivalsin (t,t + T) isat
least 10)
=P(Y<=30|Y>=10) =P(10<=Y<=30) / P(Y >=10)
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3. Consider the joint pdf of 2-dimensional rv (X, Y) given by

f(x, y) =k,
over the region R sketched below.
A
y (1.2
©,1)
< L0 > x
v
(@ Find k.

(b) Find the marginal pdf of X.
(c) Definearv asA=X+Y. Mark the region corresponding to the event a< A <
a + da, for abelonging to R. Hence evaluate P(a < A < a + da) and the pdf of
A
(d) Are X and Y SI? Justify.
(30 Marks)

Solution:

(@) Integral of f(x,y) = 1. Sincef(x,y) =k, wehavek. areaof region=1ork=1/2.

(b) f(x)= }f(x, y)dy = }O.de

1+x

= IO.de: X, 0<x<1
1-x
3-x

= IO.5dy:2—x, l<x<2.
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Xx+y=a+da

» x

P(a<A<a+da)=k.areaof themarked region=0.5. da
By definition,
f(a) = pdf of A=05for 1<a<=3.

(d) No. XandY are not Sl as the region over which they are defined is not a rectangular
one with its sides parallél to the x and y axes.
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